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Abstract 

The group of automorphisms G n of the Lie algebra u n of unitriangular polynomial deriva- 
tions of the polynomial algebra P n = K[x\, . . . , x n ] is found (n > 2), it is isomorphic to an 
iterated semi-direct product 

T™ K (UAutx(Pn)n * (K X E„)) 

where T™ is an algebraic n-dimensional torus, UAut/f (P„) n is an explicit factor group of the 
group U Aut k (Pn) of unitriangular polynomial automorphisms, and E n are explicit groups 
that are isomorphic respectively to the groups I and J* 1-2 where I := (1 + t 2 A"[[i]], ■) ~ A N 
and J := (ti£"[[t]], +) ~ A N . It is shown that the adjoint group of automorphisms of the Lie 
algebra u„ is equal to the group UAutx(fn)n- 
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1 Introduction 

Throughout, module means a left module; N :— {0,1,...} is the set of natural numbers; K is 
a field of characteristic zero and K* is its group of units; P n := K[x%, . . . ,x„] = QgN „ Kx a 
is a polynomial algebra over K where x a := a;™ 1 • • ■ a;""; d\ := g|^-,...,9 n :— ^J- are the 
partial derivatives (if-linear derivations) of P n ; Aut^(P n ) is the group of automorphisms of 
the polynomial algebra P n ; Dei K (P n ) — Q)^ =l P n di is the Lie algebra of A'-derivations of P n ; 
A n :— K(x\, . . . , x n , di, . . . , d n ) = p eN ,i Kx a d 13 is the n'th Weyl algebra; for each natural 
number n > 2, 

Un := Kd X +P 1 d 2 + --- + Pn-ld n 

is the Lie algebra of unitriangular polynomial derivations (it is a Lie subalgebra of the Lie algebra 
Derx(P„)) and G n := AutA-(u„) is its group of automorphisms; 5\ := ad(<9i ),..., S n := ad(9„) 
are the inner derivations of the Lie algebra u n determined by the elements d% , . . . , d n (where 
ad(a)(6) := [a,b]). 

The group of automorphisms G n of the Lie algebra u„. The aim of the paper is to find 
the group G n (Theorem I5.3j) and its explicit generators. 



• (Theorem [OJ Letl:= (1 +t 2 K[[t}},-) and J := (tK[[t]}, +). Then for all n > 2, 



1. G n = T™ x (UAut K (P n ) n x (F; x E„)). 

2. G n ~ T" X (UAut K (P„)„ M (!x J™" 2 ). 



The group T™ is an algebraic n-dimensional torus, UAutjr(P n ) n := UAut#- (P„)/sh„ is the factor 
group of the group of unitriangular polynomial automorphisms 

UAutif(P n ) := {a e Aut jf(P n ) I <?{%%) = %i + <*>h a % G P-i for i = 1, . . . , n} 

modulo its normal subgroup 

sh„ := {a e Aut K (P n ) \ a(x t ) = x l , i = 1, ...,n- 1; cr(x n ) = x n + A, A e A}, 

F^ ~ I and E„ ~ J n ~ 2 are explicit subgroups of G n (see below and Section 2]). The group 
G n is made up of two parts: the 'obvious' one, T" X UAutx (P ra ) n , and the 'non-obvious' one - 
F; x E„ ~ I x J' 1-2 - which is a much more massive group than the group T™ x UAutif (P n ) n - 

The key ideas and the strategy of finding the group G n . A group G = G\ x ex G2 is an 
exact product of its two subgroups G\ and G2 if every element g of the group G is a unique product 
ffi32 for some (unique) elements g\ G Gi and 52 G G2. The strategy of finding the group G n is 
a (rather long) 'refining process' which is done in Sections [3HS] It consists of several steps. On 
each step the group G n is presented as an exact or semi-direct product of several of its subgroups. 
Some of these subgroups are explicit groups and the other are defined in abstract terms (i.e., they 
satisfy certain properties, elements of which satisfy certain equations). Every successive step is a 
'refinement' of its predecessor in the sense that 'abstract' subgroups are presented as explicit sets 
of automorphisms (i.e., the solutions are found to the defining equations of the subgroups). 

In Section [3l the first step is done on the way of finding the group G n ■ In Section [3l several 
important subgroups of the group G„ are introduced. These include the group TAutx (P n ) n and 
its subgroup T n of unitriangular polynomial automorphisms with all constant terms being equal 
to zero, 

T n ■= {a e Aut K (P n ) I o-(xi) = xi,a(xi) = x t + a. t where a* € (xi, . . . ,2^-1), i = 2,...,n} 

where (xi, . . . , Xi-i) is the maximal ideal of the polynomial algebra Pj_i generated by the elements 
xi , . . . , Xi-i ; and the group 

Sh n _i := {a e Aut K (P n ) \ <r(xi) = Xx+Xi, . . . ,a(x n -i) = a;„_i+A„_i, a(x n ) = x n where A, £ A}. 
The most important subgroup of the group G n is 

T n ■= {cr 6 G n \ 0"(#l) = 9 l , . . . , a(d n ) = d n }, 

as Theorem 13.81 demonstrates. 

• (Theorem [311]) 

1. G n = TAvLt K {P n )nTn = T n TAut K (Pn)n and TAutx(P„)„ r\T n — Sh n _i. 

2. G n = T" X {Tn Xex Tn) = T 1 X (T n X ex T n ). 

As the groups T n and T n are explicit groups, the problem of finding the group G n boils down to 
the problem of finding the group T n . This is done in Section 2] 

• (Theorem EH]) T n = Sh„_ 2 x F„ x E„, 
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where 



Sh n _ 2 = {c G Aut K (P n ) I (r(xi) = %i + Ai,. ..,a(x n -2) = % n -2 + A T , 
a(x n -i) = x n -i,a(x n ) = x n , where Aj G if}; 

1 if i = 1, . . . 



f(pn)d n iii = n, 



En,, 



{/ei + 5 n _i^p n _x]] | /(p^) 

where pi G = 1, •••,«}; 

Ue} ifn = 2, 

\n"=2 E nj ifn>3, 

if i ^ j. 



As a corollary, the group G n is presented as an exact product of its explicit subgroups. 
• (Theorem 003]) Let I = (1 + t 2 K[[t\], ■) and J = (tK [[*]], +). 27ien /or a« n > 2, 

1. G„ =T"k {T n x ei (Sh„_ 2 X F„ x E„)) = TAut K (P n ) n x ex (¥' n X E»), 

2. G„ ~ TAut K (P„)„ x ex (I x J"- 2 ). 

In Section^ the explicit form of the groups T", UAut# (P„) n , F„ and E„ allows us to establish 
commutation relations between elements of these groups (Lemma EH] and Lemma [5.2[) . From which 
we deduce that the group UAutif (P n ) n is a normal subgroup of the group G n . In combination with 
Theorem l4"7T3"l (l). this fact yields the main result of the paper G„ — T" x (\JAut K (P n ) n x (W' n xE„)) 
(Theorem [Ol(l)), where ¥' n = 1 + d^K [[<9„_i]] C F„. 

At the end of Section [5l characterizations of the groups F„ , F^ and E„ are given in invariant 
terms (Proposition 15. 6|) . 

The canonical decomposition for an automorphism of the Lie algebra u n . 

By Theorem 14.131 (1). every automorphism a E G n = T™ x (T n * ex (Sh„_ 2 x F„ x E„)) is the 
unique product 

a = trsfe where t G T", r € T n , s£ Sh„_ 2 , / G F n , e E E„. 

This product is called the canonical decomposition of the automorphism cr G G n . In Section [6j for 
every automorphism a E G n explicit formulas are found (Theorem l6.1j) for the automorphisms t, t, 
s, f and e' via the elements {cr(s) | s E S n } where the set S n := {<9i, x{(?2, . . . , xf_ 1 9j, . . . , x J n _ 1 d n \ j E 
N} is a set of generators for the Lie algebra u n . 

The adjoint group -4(u„) of the Lie algebra u n . For a Lie algebra C7, the adjoint group 
A{Q) is the subgroup of the group of automorphisms AatxiQ) of the Lie algebra Q generated by 
the automorphisms e s := X)i>o 7T wnere 8 runs through all the locally nilpotent inner derivations 
of the Lie algebra Q. All the inner derivations of the Lie algebra U n are locally nilpotent derivations 
[2]. In Section[7l we prove that the adjoint group *4(u„) of the Lie algebra u„ is equal to the group 
VAut K (P n ) n (Theorem ET}. 



2 The Lie algebra u n 

In this section, for reader's convenience various results and properties of the Lie algebras u n are 
collected that are used in the rest of the paper. The details/proofs can be found in [2]. Since 
Un = 0-Li Q eN*-i Kx a di, the elements 

X a j :=x a di = x" 1 ■■■xf!r 1 1 d i , i = l,...,n; a= {ct\, a n ) G W~ l , (1) 
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form the if -basis B n for the Lie algebra u„. The basis B n is called the canonical basis for u„. For 
all 1 < i < j < n, a £ N <_1 and f3 G N i_1 , 

J if i = j, 

[X a i, Xp j\ — < (2) 
[/3iX a+ p_ ei j if i<j, 

where e\ := (1, 0, . . . , 0), . . . , e„ := (0, . . . , 0, 1) is the canonical free Z-basis for the Z-modulc Z™. 
The Lie algebra u n = ©™ =1 Pi_i<9i is the direct sum of abelian (infinite dimensional when i > 1) 
Lie subalgebras P_i<9i (i.e., [Pi-idi, Pi-\di] — 0) such that, for all i < j, 

[P i _ 1 d i ,P j _ 1 d j ] = P j _ 1 d j . (3) 

The Lie subalgebra Pi-\di has the structure of the left Pi_i-module and p i _ 1 (Pj_i9j) ~ Pi-\. By 
([3]), the Lie algebra u„ admits the finite strictly descending chain of ideals 

U„,i := U„ D U n ,2 D ■■■ D Un,i D •" D U„,„ D Un,n+1 ■= (4) 
where U n ,i := Pj-^dj for i = 1, . . . , n. By ([3]), for all i < j, 

r n _ J u„, i+ i if i = 

(%j if«<J. 

For all i = 1, . . . , n, there is the canonical isomorphism of Lie algebras 

Ui — Un/Un,i+1, X a j M> X a j + Un,i+1' (6) 

In particular, u n _i ~ U n /P n _i9 n . The polynomial algebra P„ is an A„-module: for all elements 
V 6 in, 

Xi*p = XiP, , i = ±,...,n. 

OXi 

Clearly, P n ~ Ai/S™=i Ai^j, 1 1 + ^™=i Since u„ C A n , the polynomial algebra P n is 

also a u„-module. 

Let V be a vector space over if. A if- linear map 8 : V — > V is called a locally nilpotent map 
if V = Ui>iker(<5 1 ) or, equivalently, for every v £ V, S l (v) = for all i ^> 1. When (5 is a locally 
nilpotent map in V we also say that S acts locally nilpotently on V. Every nilpotent linear map 
6, that is 8 n = for some n > 1, is a locally nilpotent map but not vice versa, in general. Let 5 
be a Lie algebra. Each element a £ Q determines the derivation of the Lie algebra Q by the rule 
ad(a) : Q — » Q, b t— > [a, 6], which is called the inner derivation associated with a. The set Inn(C?) of 
all the inner derivations of the Lie algebra Q is a Lie subalgebra of the Lie algebra (End# (<?), [•, ■]) 
where [/, g] :— fg — gf. There is the short exact sequence of Lie algebras 

-> Z(Q) -^g^ hm{Q) -> 0, 

that is lnn(Q) ~ Q /Z(Q) where Z(Q) is the centre of the Lie algebra Q and ad([et, b]) = [ad(a), ad(6)] 
for all elements a, b £ Q. An clement a £ Q is called a locally nilpotent element (respectively, a 
nilpotent element) if so is the inner derivation ad(a) of the Lie algebra Q . Let J be a non-empty 
subset of Q then Cen e (J) := {a G Q \ [a, b] = for all b £ J} is called the centralizer of J in It 
is a Lie subalgebra of the Lie algebra Q. 

Proposition 2.1 (Proposition 2.1, [2]) 

1. The Lie algebra u n is a solvable but not nilpotent Lie algebra. 

2. The finite chain of ideals Op is the derived series for the Lie algebra u n , that is (Un^U) — 
Un,i+l for all i > 0. 
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3. The upper central series for the Lie algebra u„ stabilizers at the first step, that is (u n )^ — u n 
and (u„)W = Un,2 for all i > 1. 

4- Each element m£u„ acts locally nilpotently on the u n -module P n . 

5. All the inner derivations of the Lie algebra u„ are locally nilpotent derivations. 

6. The centre Z(u n ) of the Lie algebra u n is Kd n . 

7. The Lie algebras u n where n > 2 are pairwise non-isomorphic. 

Proposition 12.11 (5) allows us to produces many automorphisms of the Lie algebra u n . For 
every element a G u n , the inner derivation ad(a) is a locally nilpotent derivation, hence e ad ^ := 

Si>o e ^he adjoint group A(u n ) :— (e ad ( a ) | a G u n ) coincides with the group 

UAut^-(P n )„ (Theorem 17. 1[) which is a tiny part of the group G n (Theorem 15. 3p . 

The uniserial dimension. Let (S, <) be a partially ordered set (a poset, for short), i.e., a 
set S admits a relation < that satisfies three conditions: for all a, b, c G S, 

(i) a < a; 

(ii) a < b and b < a imply a = b; 

(iii) a < b and b < c imply a < c. 

A poset (S, <) is called an Artinian poset is every non-empty subset T of S has a minimal 
element, say t G T, that is t < t' for all t' G T. A poset (5, <) is a well-ordered if for all elements 
a, 6 G S either a < 6 or 6 < a. A bijection f : S —t S' between two posets (5, <) and (S", <) is 
an isomorphism if a < 6 in S implies /(a) < /(&) in S'. Recall that the ordinal numbers are the 
isomorphism classes of well-ordered Artinian sets. The ordinal number (the isomorphism class) of 
a well-ordered Artinian set (S, <) is denoted by ord(5 f ). The class of all ordinal numbers is denoted 
by W. The class W is well-ordered by 'inclusion' < and Artinian. An associative addition '+' and 
an associative multiplication '■' are defined in W that extend the addition and multiplication of 
the natural numbers. Every non-zero natural number n is identified with ord(l < 2 < • ■ ■ < n). 
Let to :— ord(N, <). More details on the ordinal numbers the reader can find in the book [5]. 

Definition, [2]. Let (S,<) be a partially ordered set. The uniserial dimension u.dim(S') of S 
is the supremum of ord(I) where I runs through all the Artinian well-ordered subsets of S. 

For a Lie algebra Q, let Jo(G) and J(Q) be the sets of all and all non-zero ideals of the Lie 
algebra Q, respectively. So, Jo(G) = J r (^)U{0}. The sets Jo(G) and Jiff) are posets with respect 
to inclusion. A Lie algebra Q is called Artinian (respectively, Noetherian) if the poset Jiff) is 
Artinian (respectively, Noetherian). This means that every descending (respectively, ascending) 
chains of ideals stabilizers. A Lie algebra Q is called a uniserial Lie algebra if the poset Jiff) is a 
well-ordered set. This means that for any two ideals a and b of the Lie algebra Q either a C b or 
b C o. 

Definition, [2J. Let Q be an Artinian uniserial Lie algebra. The ordinal number u.dim(^) := 
ox&iJiff)) of the Artinian well-ordered set Jff) of nonzero ideals of Q is called the uniserial 
dimension of the Lie algebra Q . For an arbitrary Lie algebra Q , the uniserial dimension u.dim(^) 
is the supremum of ord(I) where T runs through all the Artinian well-ordered sets of ideals. 

If Q is a Noetherian Lie algebra then u.dim(^) < w. So, the uniserial dimension is a measure 
of deviation from the Noetherian condition. The concept of the uniserial dimension makes sense 
for any algebras (associative, Jordan, etc.). 

Let A be an algebra and M be its module, and let Ji{A) and A4(M) be the sets of all the 
nonzero left ideals of A and of all the nonzero submodules of M, respectively. They are posets with 
respect to C. The left uniserial dimension of the algebra A is defined as u.dim(yl) := u.dim(^(A)) 
and the uniserial dimension of the ^4-module M is defined as u.dim(M) := u.dim(A4(M)), [2]. 
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An Artinian well-ordering on the canonical basis B n of u„. Let us define an Artinian 
well-ordering < on the canonical basis B n for the Lie algebra u„ by the rule: X a i > Xpj iff i < j 
or i = j and a n _i = /3 n _i, . . . , a m+1 = /3 m+1 ,a m > m for some to. 

The next lemma is a straightforward consequence of the definition of the ordering <, we write 
< X a<i for all X a%l G B n . 

Lemma 2.2 If X a ^ > Xpj then 

1. X a+J . t > Xp +ltj for all 7 G N i_1 , 

2. A Q _ 7ii > Xp_ 7 j for all 7 G N i_1 such that a - 7 G and f3 - 7 G N J ' _1 , 

3. [<9fc, -X" a <] > Xpj] for all k = 1, . . . , i — 1 suc/i i/ia£ ^ 0, and 

^- [X 7t k,X ati ] > [X^ >k ,Xp : j] for all X 1<k > X a ^ such that [A 7jfc , A Qji ] ^ 0, i.e., a k ^ 0. 

Let f2 n be the set of indices {(a,i)} that parameterizes the canonical basis {X a i } of the Lie 
algebra u„. The set (Q n , <) is an Artinian well-ordered set, where (a,i) > (/3, j) iff A Qji > Xp t j, 
which is isomorphic to the Artinian well-ordered set (B n , <) via (a,i) >->• X a ^. We identify the 
posets (f2 n , <) and (B„, <) via this isomorphism. It is obvious that 

ord(S„) = ord(ft„) = w"" 1 + cj"~ 2 + • ■ • + u + 1, (7) 

n 2 c0 3 C"- and B 2 G B 3 C • • • . Let [l,ord(0„)] := {A G W 1 1 < A < ord(Q n )}. By ©, if 
[X a ,i, Xpj] ^ then 

[Aa,;, X/sj] < min{A Q!i , A/jj}. (8) 
A classification of ideals of the Lie algebra u n . By (J5J), the map 

p„ : [l,ord(n n )] -> J(u„), A ^ / A : = J A> „ := KI a)! , (9) 

(q,i)<A 

is a monomorphism of posets (p n is an order-preserving injection). 
Theorem 2.3 (Theorem 3.3, g]) 

1. The map (0|) is a bijection. 

2. The Lie algebra u n is a uniserial, Artinian but not Noetherian Lie algebra and its uniserial 
dimension is equal to u.dim(u n ) = ord(fi„) = a/ 1-1 + w" -2 + • ■ • + oj + 1. 

An ideal a of a Lie algebra Q is called proper (respectively, co- finite) if a ^ 0,Q (respectively, 
dimx(C?/a) < 00). An ideal 7 of a Lie algebra Q is called a characteristic ideal if it is invariant 
under all the automorphisms of the Lie algebra Q, that is a(I) = I for all a G Aut^(^). It is 
obvious that an ideal I is a characteristic ideal iff a(I) G I for all a G Aut #-(£?). 

Corollary 2.4 (Corollary 3.7, [2]) All the ideals of the Lie algebra u„ are characteristic ideals. 

Each non-zero element u of u„ is a finite linear combination 

u = XX aa + fJ,Xp d H h vX a , k = XX a>i H 

where A, /i, . . . , v G K* and X Q .i > A^jj > ■•■ > X ak . The elements \X at i and A G K* 
are called the leading term and the leading coefficient of u respectively, and the ordinal number 
ord(A Q j) — ord(a, i) G [1, ord(J7„)], which is, by definition, the ordinal number that represents the 
Artinian well ordered set {(/?, j) G f2 n | < (a,i)}, is called the ordinal degree of w denoted by 

ord(w) (we hope that this notation will not lead to confusion). For all non-zero elements w, v G u n 
and A G K*, 

(i) ord(w + v) < max{ord(it), ord(v)} provided u + v ^= 0; 

(ii) ord(Aii) = ord(w); 

(hi) ord([u, ?;]) < min{ord(u), ord(i>)} provided [u, v] ^ 0; 

Corollary 2.5 (Corollary 3.8, [2]) For a?/ nonzero elements u G u n and a?/ automorphisms a of 
the Lie algebra u n , ord(o~(u)) — ord(w). 
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3 The structure of the group of automorphisms of the Lie 
algebra u n 

In this section, several important subgroups of the group G n are introduced and studied. It is 
proved that the group G n is an iterated semi-direct product and an exact product of some of them 
(Proposition 13.11 Theorem 13.81) . 

The groups T™ and U n . Let G n :— Aut/<-(u rl ) be the group of automorphisms of the Lie 
algebra u„. The Lie algebra u„ is uniserial, so 

(t(Ja) = Ix for all A G [l,ord(fi„)], (10) 

by Theorem 12.31 Moreover, by ([9]), 

v{X a ,i) = K,iX atl H for all X a>i G B n (11) 

for some scalar \ a i = X ai {a) G K* where the three dots mean smaller terms, i.e., an element of 
E(/3,i)<(a,i) KX P,j- lt follows that 

U n := {a G G n a(X ati ) = X a>i H for all X a<i G B n ] 

is a normal subgroup of the group G n . The algebraic n- dimensional torus T n is a subgroup of the 
group Aut#- {A n ) of automorphisms of the Weyl algebra A n , 

T™ := {t x : Xi ' ^ \ lXu di i y AT^fi,, 1 < i < n | A - (A,) G X*"} ~ if*", 

that preserves the Lie algebra u„. The group T™ can be seen as a subgroup of G„, 

T n := {t x : X a>i ^ A Q A^ 1 X ct! i for all A tt , 2 £ B„ | A = (A;) G X*"} ~ K* n 

where A Q := UK*- 

Proposition 3.1 1. The group U n is a normal subgroup of G„ and U n = {a G G n \cr{di) = 
£?» + ••• /or i = 1, . . . , n}. 

I?. G n = T" k W n (the group G n is the semidirect product ofT n and U n )- 

Proof. 1. We have already seen that lA n is a normal subgroup of G n . It remains to show that 
the equality holds. Let R be the RHS of the equality. Then U n Q R- It remains to show that 

U n 2 R, i.e., er G R implies a G U n . We have to show that a{X a ^) = X a ^ H for all X a ^ G B n - 

We use induction on A := ord{X a ^) = ord((a, i)) G [1, ord(fi n )]. The initial case A = 1 is obvious 
as X a ^ — d n and a{d n ) — d n since a G R. 

Let A > 1, and we assume that the result is true for all A' < A. If X a ,i = dj for some j then it 
is nothing to prove. So, let X a ^ G B n \{di, . . . , d n }, i.e., a G N J_1 \{0}. Let j — maxjfc | a k ^ 0}. 
Then, by the very definition of the ordering < on B n (or use Lemma |2.21 (3)). 

[dj,X a .i H ] = ajX a _ ejii H and [®l =j+1 P k -id k , X ati ] = 0. 

Then applying the automorphism a to the identity [dj,X a ^] = djX a - ejt i and using the fact that 
a{dj) — dj + u + v for some elements u G ©j. =J - +1 Pfe-i9fe and v G ©fe =i+1 Pfc-i<9fc, we have 

aj^a-ej,! H = a{ajX a _ ej! i) = [a{dj),a{X a<i )] = [dj + u + v, X ati X a>i H ] 

= Ac^ay AT Q _ e3 ,j + [w, A Q! iX Q! i] + [dj + u + u, • • • ] = \ ati (x 1 X a ^ ej . 

Hence, — 1 since dj ^ 0. 

2. By the very definition of the groups T™ and U„ , T" DU n = {e}. As U„ is a normal subgroup 
of G„ it suffices to show that G n = T"W„, i.e., every automorphism a G G n is a product ir for 
some elements t 6 T™ and r G By (fTT|) . a{di) = Xidi + ■ ■ ■ for all i = 1, . . . , n and for some 
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A = (Ai, . . . , A„) € K* n , Then t x a(d l ) = di H for all i = 1, . . . , n where t\ G T™. By statement 

1, r := t\a G U n , hence a = tZ t, as required. □ 

The group TAut#-(P n ) of triangular automorphisms of the polynomial algebra P n . 

Let Aut#- (P n ) be the group of A-algebra automorphisms of the polynomial algebra P n . Every 
automorphism a G Kv&k (Pn) is uniquely determined by the polynomials 



n •- 



cr(xi), ...,x' n := a(x n ). 



The inclusions of the polynomial algebras Pi C Pi C • • • yield the natural inclusions of their 
groups of automorphisms Kw\,k(P\) C Aut^ (P2) C • • • where an automorphism a G Aut_fc(P n ) is 
extended to the automorphism of the polynomial algebra P n +i by the rule cr(x n +i) = x n+ \. 

The group of triangular automorphisms TAutx (P n ) of the polynomial algebra P n consists of 
all the automorphisms of P„ of the following type: 

a(xi) = XiXi + ai, i=l,...,n, (12) 

where a* G P;_i and A^ G K* for i = 1, . . . , n. The automorphism a is uniquely determined by the 
elements a, and Ai, and we write cr = [a\, . . . , a n ; Ai, . . . , A n ]. There are two distinct subgroups 
in TAut^f (P n ): the algebraic n- dimensional torus T" (where ax = • ■ ■ = a n = 0) and the group 
UAut^ (P„) 0/ unitriangular polynomial automorphisms (where Ai = ■ ■ • = A„ — 1). Moreover, 
UAutx (Pn) is a normal subgroup of TAutif(P„) and 

TAut K (P„) = T" k UAut K (P„). (13) 

The group UAut#(Pn) of unitriangular automorphisms of the polynomial algebra 

P n . Every element [cti, . . . , a n ] := [ai, . . . , a n ; 1, . . . , 1] G UAut#-(P„) is uniquely determined by 
the polynomials a, G Pi— 1, i = 1, . . . , n. 

Proposition 3.2 TTie exponential map u n — > UAutx(P„), <5 h4 e 5 := X)i>o T' * s a bisection with 
the inverse map a >— > ln(cr) := ln(l — (1 — cr)) := X^i>i ^~T^~ ■ 

Proof. By Proposition 12 . II (4 s ) . the exponential map is well-defined. Let us show that for every 
automorphism a = [ai, . . . , a n ] G UAut/f (Pn) there is the unique derivation <5 = $^.- =1 bidi G u„ 
(where 6j G Pj_i for i = 1, . . . , n) such that cr = e s . Consider the system of equations where {bi} 
are unknown polynomials such that o~(xi) — e s (xi), i = 1, . . . ,n, that is xt + ai — Xi + (1 — d)(bi) 
where d := — X)i>i (t+i)i * s a l° cau y nilpotent map on P n . Then 

b i = (l-d)- 1 (a i ) = (£,d j )(a i )eP^ 1 . 

j>0 

For each cr G UAuti<-(P ra ), the map 1 — cr : P n — > P n is a locally nilpotent map. So, the map 

ln(cr) = J2i>i ^~i^ makes sense. The rest is obvious. □ 
For every element [a%, ... , a n ] G UAutx (P n ), 

[01, ... , a n ] = e a "°" e 1 - 1 ^- e ai01 . (14) 

For each natural number i = 1, ... ,71, the map Pj_i — » e Pi - ldi , p.j 1— > e Pil9i , is an isomorphism of 
abelian groups. The group UAut^ (P„) is an iterated semi-direct product of its subgroups e Pi ~ ldi , 
i = l,...,n, 

UAutjr(P») = e p "- ia " x e^- 29 — 1 x ■ ■ ■ xi e p ° 91 . (15) 

The set of all A-derivations Dei k(Pu) = ©™ =1 Pn<9n of the polynomial algebra P n is a Lie subalge- 
bra of the Lie Weyl algebra (A n , [•, •]), and u„ is a Lie subalgebra of Der if (P n ). Each automorphism 
cr G Autif(P n ) induces an automorphism of the Lie algebra Der#-(P„) (the change of variable) 
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by the rule S i— > aSa^ 1 where S G Der^ (P„). In particular, <r(g|-)iT _1 = ^p- where x\ := <r(xi). 
Moreover, 

^=^=£^^- (16) 

Let a G TAutx(P n ) be as in (I12p . Then the automorphism er" 1 G TAut^(P„) and so o~ x = 
(pi, . . . , b n ; Aj" 1 , . . . , A" 1 ) for some b t G Pj_ i, i = 1, . . . ,n. For the automorphism a the equality 
([Tn]) takes form 

d[ = A = V 1 * + E '(^^ e JTft + £ P^a,. (17) 

The groups Sh„, T n and UAut^(P n ) n . Important subgroups of TAutx(Pi) are the shift group 
Sh n := {a : x\ h4 ii + /xi, . . . , H> x„ + //„ | fi t G X, i = 1, . . . , n} ~ if™ (18) 
and the group 

7; := {a = [0, o a , ■ • • , a n ; 1, . . . , 1] | a 2 (0) = a 3 (0, 0) = • • • = a„(0, . . . , 0) = 0}. (19) 

So, an automorphism a — [ai, 02, • • • , a n ; Ai, . . . , A„] G TAut^ (P„) belongs to the group T n iff 
Ai = • • • = A n = 1 and all the constant terms of the polynomials ai are equal to zero. Notice that 
T n C UAutif (P„) C TAutif (P„). For each i > 1, let := X)j=i ^j-Pjj the maximal ideal of the 
polynomial algebra Pi generated by the elements Xi, . . . ,Xi. Set mo := 0. So, an automorphism 
a G UAutif(P n ) belongs to the group T n iff = nij for all i = 1, . . . , n. Let 



TAut K (Pn)n 

UAut iC (P„)„ 
sh„ 



= {(T G TAutx(P„) I it(x„) = X n x n + a n where A„ G K* , a„ G m„_i}, 
= {a G UAut_ftr(P n ) | a(x n ) = x n + a n where a„ G m n _i}, 
= Sh„ n Fix T Aut K (p n )(^i ; ■ • -,x n -i) = {o- G Sh„ I o-(xi) = x 4 , i = 1, . ..,n - 1; 
ff (jB n ) =j„ + A,A£if} = e A ' 9 " := {e A9 - | A G if} ~ (K, +). 



The subsets TAut_R-(P„)n and UAutif (P„)„ of the group TAut^- (P„) are not subgroups, but sh„ is 
a subgroup. Clearly, TAut i<-(P n ) = TAutif (P n )„sh n , TAut K(P n ) n nsh„ = {e} and the group sh„ 
is a normal subgroup of the group TAuti<-(P„). Therefore, the sets TAut iv(P„) n and UAut_K-(P„)n 
can be identified with the factor groups TAut_R-(P„)/sh„ and UAut^ (P n )/sh n , respectively, and 
as a result they have the group structure. Under these identifications we can write 

TAutjr(P n ) B = TAut K (P„)/sh„, (20) 

UAut K (P„)„ = UAutK (P„)/sh„. (21) 



Proposition 3.3 1. au n a 1 = u n for all a G TAutif(P n ). 

2. The map u> : TAut k(Pu) — > G n , a 1— > (oj a : u i— > aua^ 1 ), (where u G u n ) is a group 
homomorphism with ker(cj) = sh n . 

3. The map oj : TAut if (P„)„ G n , a 1— ^ ui a , is a group monomorphism. 

Proof. 1. Since TAut^-(P„) is a group, to prove statement 1 it suffices to show that cru n <7 _1 C 
u n for all elements a G TAutjf(Pi)- Since u„ = Y^i=i Pi-i®i> ^ suffices to show that aPi-idiO^ 1 C 
u n for all elements a G TAut/ c (P„) and i = 1, ...,n. This follows from (|17l) and the fact that 
a(P_i) = P_i: 

n n 

aPi-i^a" 1 = o-iPi-Jo-diO-- 1 C P^K*^ + ^ ^i-i^i) ^ E^- 1 ^ ^ u "' 

j-i+l 3=i 
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2. The map w is a group homomorphism. By ([To]) . sh„ C ker(w). Let a G ker(w). It remains to 
show that o~ £ sh„. By (fT7| . 9- = <9i for all i = 1, . . . , n. Hence Ai = • • • = A„ = 1 and d ° dx bl) = 
for all i < j. The second set of the conditions mean that the elements cr _1 (&.,■) G Pj-i are scalars. 
Summarizing, a^ 1 (xi) = X{ + bi where all bi £ K . For all i = 2, . . . , n, 

Xi-idi = (T _1 (xi_i9j)(T = a^ 1 (x i )d t = Xi-xdi + h-idi. 

Hence, b% = ■ ■ ■ = 6 n _i = 0. Therefore, a G sh„, as required. 

3. Statement 3 follows from statement 2 and (|20p . □ 

By Proposition 13.31 (3). we identify the group TAut# (P n )n — TAut^ (P„)/sh„ with its image 
in the group G„, i.e., TAut/f (P n ) n C G n . We identify the subgroup Sh„_i of Aut^(P„_i) with 
the following subgroup of Autx(P n ), 

Sh„_i = {a e Sh„ | a(x n ) = x n }. (22) 

Sh„ = shi x • • • x sh„ = e Kdl x • • • x e Kd " = e E -i Kd * . 

We say that a group G is the exact product of its two (or several) subgroups G\ and G2 and 
write G = G\ x ex G2 if every element g £ G is a unique product g — g\gi where g\ £ G\ and 
<?2 G G2. Using the bijection G — s> G, g M> and the fact that (gh)^ 1 = h~ 1 g~ 1 , we see that 
G = Gi y-ex G2 iff G = G2 x ea; Gi. The next theorem describes the group G„. 

Proposition 3.4 i. UAut^-(P„) = 7^ x ex Sh ra . 

«. TAut K (P„) = T" x (% x ex Sh„). 

3. TAut K (P„)„ = T" K (% x ex Sh„_ x ) = T™ x UAut K (P„)„. 

4. UAut K (P„)„ = T n x ex Sh„_i. 

Proof. 1. It is obvious that Sh„ n 7^ = {e}. To finish the proof of statement 1 it suffices to 
show that any automorphism a — [a\, . . . , a n ; 1, . . . , 1] G UAut/f (P„) is a product ts for some 
elements t £ T n and s G Sh„. Let = bi + /i^ where /ii is the constant term of the polynomial 
a t . Then r = [0, 6 2 , . . . , b n ; 1, . . . , 1] G %, s — \p%, . . . , /x„; 1, . . . , 1] G Sh„ and a = ts. 

2. Statement 2 follows from statement 1 and (|13l) . 

3. Notice that Sh n = Sh„_i x sh„. Statement 3 follows from statement 1 and (I2TJ1) . 

4. Statement 4 follows from statement 1 and (|21l) . □ 

The following lemma gives a characterization of the shift group Sh„ via its action on the partial 
derivatives. 

Lemma 3.5 Fix Au t K (p„)(di, . . . ,d n ) = Sh„ and Fix UAutjs . ( Pn)n (di, . . . ,d n ) = Sh„_i. 

Proof. For an automorphism a £ Aut_R-(P„), let d' := (d[, . . . ,d' n ) T where d[ :— adicr^ 1 for 
i = 1, ...,n, d := (di, . . . , d n ) T (where 'T' stand for the transposition) and A = (Ay) be the 

n x n matrix where Ay := cr ( ^-g~^ )■ The equalities (1161) can be written in the matrix form as 
9' = A<9. Then cr G FixAut A -(p„)(^i; ■ • • > 9 n ) iff A is the identity matrix iff a £ Sh„. The second 
equality follows from the first. □ 

The next theorem is a key result which is used in several proofs later. 

Theorem 3.6 Let d[ 1 ...,d / n £ Der^(P„) be commuting derivations such that d[ := fiidi + 
Xy=i+i a ijdj f or i — 1j • • • i n where /ij G K* and dij £ Pj—i ■ Then 

1. there exists an automorphism a £ TAutjj-(P n ) such that — adicr^ 1 for i = 1, . . . ,n. If a' 
is another such an automorphism then a' — as for some a £ Sh„, and vice versa. 
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2. There is the unique automorphism a G T™ x T n such that d[ — odiO~ x for i = 1, . . . , n. The 
automorphism a is defined as follows o~(xi) = x[ for i = 1, . . . ,n where the elements x\ are 
defined recursively as follows: 

x' 1 :=^ 1 x 1 , x\ := <A;-i</>i-2 • • ■<l>i(ni 1 Xi), i = 2,...,n, (23) 
fc:=£(_l)*?i_fi* i = l,...,n-l. (24) 

fc>0 

Proof. 1. The first part of statement 1 (concerning the existence of a) follows from statement 
2. If d[ — odiO~ l — o'd; L o'~ l for i = 1, ...,n then s := <7 _1 <7' € Sh„, by Lemma [3.51 Hence, 
a' = as, and vice versa (trivial). 

2. We deduce statement 2 from two claims below. The uniqueness of a follows from the second 
part of statement 1 (which has already been proved above) and the fact that T n x T n f~l Sh„ = {e}. 

Claim 1: d[, . . . ,d' n are commuting, locally nilpotent derivations of the polynomial algebra P n 
such that d'^x'j) = 5ij (the Kronecker delta) and Hf^kerp^ (d[) = K. 

It follows from Claim 1 and (Theorem 2.2, PQ) that the if-algebra homomorphism 

cr : P n -> P n , Xi >->• x\, i = l,...,n, 

is an automorphism. Then (which is obvious) d[ = odiO^ 1 for i = 1, . . . , n. We finish the proof of 
statement 2, by Claim 2. 
Claim 2: a G T n k T n - 

So, it remains to prove Claims 1 and 2. By the very definition of the derivations d[, the 
following statements are obvious: 

(i) d' l7 . . . ,d' n € u„; 

(ii) dKPj) C P j for alU,j = 1, . . . ,n. Moreover, d'^Pj) = for i > j; 

(iii) d'^^Xi) = 1 for % = 1, . . . , n; 

(iv) d[, . . . , d' n are locally nilpotent derivations of the polynomial algebra P n ; 

(v) Ber K {P n ) = ©r =1 P„cK; and 

(vi) n? =1 kei Pn (dl)=K, by (v). 

In view of (iv) and (vi), to finish the proof of Claim 1, we have to show that d[{x!^) = 5y. To 

prove Claim 2, it suffices to show that x'j = nJ 1 Xj + aj where aj G nVj-i := X)l=i %kPj—i for 
j = 1, . . . , n. To prove both statements we use induction on j. The initial case j ' = 1 follows from 
(ii) and (iii) and the fact that x[ — ^ x±. Suppose that j > 2 and the result holds for all j' < j. 
By induction, x' s = fi^ 1 x s + a s G K*x s + m s _i C m s for s = 1, . . . , j — 1. Then, using repeatedly 
(ii) and (|24|) . we see that x'a — (J-J 1 Xj + aj for some aj G rrij-i. Then 9j +1 (a;^) = • ■ • = d' n (x'j) = 0, 
by (ii). By (Theorem 2.2, p), d'^x'j) = ■■■ = d'^x'^) = 0. For each i = 1, . .., j -1, 6^ = faty 
since ^(a^) = for alH = 1, . . . ,j — 1 (the last set of equalities follows from the set of equalities 
dj(xi) = for all i = 1, . . . , j — 1, and the fact that x' s — n' s ~ 1 x s + a s for s = 1, . . . , j — 1). Therefore 

(by (hi)), 

d^x'j) = d'^j-i ■ ■■(j)i(fij 1 x j ) = • ■■4>id' j {nj l x j ) = <j)j-i • • >i(l) = 1. 

The proof of the inductive step is complete. □ 

The next theorem states that the triangular polynomial automorphisms are precisely the poly- 
nomial automorphisms that respect the Lie algebra u n . 

Theorem 3.7 Let a G Aut/<-(P n ). The following statements are equivalent. 

1. CT GTAutK(P„). 

2. auno-- 1 = u„ 

3. For all i — 1, . . . , n, adicr^ 1 = fiidi + a ij®j where ^ G K* and aij G Pj-1- 
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Proof. 1. (1 2) Proposition GO] (1). 

(2 => 3) Suppose that ciincr" 1 = u„. Then a~ 1 u n a = u„. The map tu a : u n — > u„, <5 n> cr^er -1 , 
is a Lie algebra automorphism with as its inverse. Statement 3 follows from (jlOl) and the 

definition of the ordering < on u n . 

(3 =>■ 1) By Theorem l3.6[ there is an automorphism r G TAut#- (P n ) such that adia^ 1 = T&iT~ x 
for all i = 1, . . . , n. Hence r~ x a G FixA u t K (P„)(<9i, . . . , d n ) = Sh„ C TAut#-(P„) (Lemma I3.5[) . 
Then cr G TAutjc(-Pn)- □ 

The group G n is an exact product of its three subgroups. The group U n contains the 
subgroup 

T n := Fix G „(9i, . . . , dn) := {a G G„ \ a{d x ) =d u ..., a{d n ) = d n }. (25) 

This is the most important subgroup of G n as Theorem l3.8l (2) shows. The next theorem represents 
the group G n as an exact product of its three subgroups. 

Theorem 3.8 1. G n = Tknt K {P n ) n ^n = T n TAut K (P n ) n and TAut K (P n ) n n T n = Sh„_i. 

2. G n = T" K (T n x ex T n ) = T" X {T n x ex %). 

3. lA n — l J n x ex J~ n . 

Proof. 2. Let g £ G n . The elements dx, . . . , d n of the Lie algebra u n commute then so do 
the elements d[ := g(d\), . . . , d' n :— g{d n ) of u„. By (fTTj) . the elements d[,...,d' n satisfy the 
assumptions of Theorem 13.61 hence there is the unique automorphism a G T™ x T n such that 
d[ = adiO-^ 1 for i = l,...,n. Recall that we identified the group T™ « 7"„ with its image in 
the group G n (Proposition 13. 31 (3)). i.e., the automorphism a is identified with the automorphism 
uj,j : u n u„, u H> <7Uo~~ . Then uj a -ig(di) — di for all i = 1, . . . , n. Hence, uj a -ig G J- n , and 
statement 2 follows. 

1. Proposition 13. 31 (3), the inclusion T" k T n C TAut^(P„)„ (Proposition [3T4J (3)) and state- 
ment 2 imply the first two equalities in statement 1. Now, using Lemma 13.51 

TAut K (P„)„ n T n = Fix TAutK(Pn)n (d u . . . ,d n ) = TAut K (P n ) n n Fix Autjc(Pii) (9 1 , . . .,d n ) 
= TAut K (P n ) n n Sh„ = Sh n _i. 

3. Since T n x ea , T n C U n and U n D T™ = {e}, statement 3 follows from statement 2: 

U n = U n n G„ = U n (T™ X {Tn Xex F n )) = {U„ (1 T) X {% X ex F n ) = % X ex T n . □ 

4 The group of automorphisms of the Lie algebra u n 

The aim of this section is to find the groups T n (Theorem I4.12l fl)) and G n (Theorem 14. 13[) . 

The u„-module P n . For each n > 2, u„ is a Lie subalgebra of the Lie algebra u n +i = 
u ra © P n d n +i, P n dn+i is an ideal of the Lie algebra u„+i and [P n d n +i, P n d n +i\ = 0. In particular, 
P n d n +i is a left u ra -module where the action of the Lie algebra u n on P n d n +\ is given by the rule 
(the adjoint action): uv :— [u,v] for all u G u n and v G P n d n +x- The polynomial algebra P n is a 
left u n -module. 

Lemma 4.1 (Lemma 3.10, [2]) 

1. The K -linear map P n — > P n d n +x, V ^ pdn+i, is a u n -module isomorphism. 

2. Theu n -module P n is an indecomposable, uniserialu n -module, u.dim(P„) = u n and ann Uji (P„) = 
0. 

The next proposition describes the algebra of all the u n -homomorphisms (and its group of units) 
of the u n -module P„ . The i^-derivation of the polynomial algebra ^[^n] is also denoted by 
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Proposition 4.2 (Proposition 3.16, [5]) 

1. The map End Url (P„) — > "Endfc[d n ](K[x n ]) — K[[-^-]], <p i— > v|if[x n ]; is a K-algebra isomor- 
phism with the inverse map ip' i— > where (p(x^x l n ) — Xp^ n ip' '(^j-) /or aZ/ /3 £ N" _1 and 

S. T7ie map Aut Un (P n ) — >• Aut^^j (ii"[x n ]) = y h-> y|if[a; n ], is a group isomorphism 

with the inverse map as in the statement 1 (where K[[-^-]\* is the group of units of the 
algebra K[[^]\). 

The partial derivatives d\,...,d n are commuting locally nilpotent derivations of the polynomial 
algebra P n . So, we can consider the skew power series algebra P„[[9i, . . . , d n ; . . . , gf-]] which 
is also written as P n {[d\, . . . , d n ]], for short. Every element s of this algebra is a unique (formal) 
series X^aeN" Pa9 a where p a 6 P n . The addition of two power series is defined in the obvious way 
X QeN „PQ,9 Q + XqgN" 9ad a = J2ae¥i n (P a + 1a)d a , and the multiplication satisfies the relations: 
dip = pdi +di(p) for all i = 1, . . . , n and p € P n . As the partial derivatives act locally nilpotently 
on the polynomial algebra P n , the product of two power series can be written in the canonical form 
using the relations above, i.e., (XaeN™ Pa9 a )(J2s£N" Qp® ) = S 7 eN™ r 7<9 7 f° r some polynomials 
r 7 G P„. For every series s — X) Q eN™ Pad" S P n [[di, . . . , (where p a G P„), the action s * p = 
SaeN" Pad°*P is well-defined (the infinite sum is in fact a finite one). The algebra P„[[c?i, ... ,d n ]] 
is the completion of the Weyl algebra A n = P n [di, . . . ,d n ] = (B a en n Pnd a . The polynomial 
algebra P„ is a left P„[[9i, . . . , <9„]]-module. It is easy to show that the algebra homomorphism 
P„[[<9i, . . . , d n ]] — > Endif (P„) is a monomorphism, and we identify the algebra P„[[<9i, . . . , d n ]] with 
its image in End^(P„). The polynomial algebra P n = L>i>oP n .<i is a filtered algebra by the total 

degree of the variables where P n ,<i ■= ^{Kx a \\a\ := a\ + h a n < i} (P n ,<iP n ,<j C P n ,<i+j 

for all i, j > 0). The vector space 

End dcg (P„) := {/ G End A '(P„) | f(P n ,<i) C P„,<J 

is a subalgebra of End_R-(P„). Let Aut#-[a 1 ,...,a„](Pn) be the group of invertible K[d\, . . . , d n ]- 
endomorphisms of the K\d\, . . . , 9„]-module P„ and lf[[e?i, . . . , d n ]]* be the group of units of the 
algebra K[[di, . . . ,d n ]]. 

Proposition 4.3 1. End#(P n ) = P n [[&i, ■ ■ .,d n ]]. 

2. End dcg (P n ) = P n {[d u . . . , d n ]] dcg := {£ QeNll P*d a \ deg( Pa ) < \a\}. 

3. End K[du ... idn] (P n )=K[[d 1 ,...,d n ]]. 
I Aut K[du ... !dn] (P n )=K[[d 1 ,...,d n ]]*. 

Proof. 1. This is well-known and easy to prove. 

2. Let R be the RHS of the equality in statement 2. The inclusion Endd C g(P«) 2 R is obvious. 
We have to show that the reverse inclusion holds. Let s — J^Pa®" £ Enddeg(Pn)- We have to 
prove that deg(p a ) < \a\ for all a. We use induction on d = \a\. The initial case d — is obvious 
as po — s * 1 G K . Let d > and suppose that the statement holds for all d' < d. Fix a G N n 
such that |a| — d. Then 

P n ,<d 3 s*x a = alp a + ^ P/3® 13 * z 1 *' 

\P\<d 

and so p a G P n ,<d (since I]| /3 | <(i P/3<9' 3 * x a e P n ,<d), as required. 

3. An element s = XaeN™ Pad a G Endif(P„) belongs to EndK[a 1 ,...,a„](P n ) iff [di,s] = for 
all i = 1, . . . , n iff every p Q G n™ =1 kerp n = K for all i = 1, . . . , n (since [d%, s] = ^ ^r^") ^ 

S G^[[9i,...,a„]]. 

4. Statement 4 follows from statement 3. □ 
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By Theorem 2.2, [I], the fC-algebra endomorphisms fa := J2k>o(~^) k l^\^i ' ( wnere 
i = 1, . . . , n) commute and their composition 

n 

<f> := 11 fa : P„ -> P„, X « xa ^ A °' ( 26 ) 

is the projection onto the field K in the decomposition P n — (B a ^^Kx a . The next proposition is 
an easy corollary of this fact. 

Proposition 4.4 Let s = J2aefi" ^»d a G K [[di, . . . , d n ]] = End K [ du ,,, idn ](P n ) where X a G K. 
Then \ a = (j>s(^-) for all a G N n where al :— Jl"=i 



Proof, fa(^r) = 0(A Q + • • • ) = X a where the three dots denote an element of the vector space 
Lemma 4.5 Let a G T n . 



1. Then a\ Pn _ 1 g n : P n ~id n -> P n -id n belongs to L = 1 + YJi=i ^ K [[6i, . . . , 5„_i]] where 
Si := ad(<9i) for i = 1, . . . ,n — 1. 

2. For all a G N™ _1 \{0}, a(x a d n ) = p a d n for some polynomial p a G P n -1 such that p a = 
x a + /3^a ^P x ^ where (3 = ((3i) -< a = (a.;) iff f3{ < cti for all i = 1, . . . , n — 1 and 
f3j < oij for some j. 

Proof. 1. Recall that all ideals of the Lie algebra u„ are characteristic ideals, and the vector 
space P n -\d n is an ideal of the Lie algebra u„. Therefore, the restriction map r := o~\p n _ 1 Q n 
is a well-defined map. Since a G J- n , the map r commute with the inner derivations 8i where 
i = 1, . . . ,n — 1. The u„_i-modules P„_i and P n ~id n are isomorphic (Corollary 14.11 (1)). hence 
r G A\it K[Su ... : s n _ 1 ]{Pn-id n ) ^ Aut K[du ... A _ l] (P n - 1 ) ~ K[[dx,...,d n -x]]*. Then, 

t G Aut iC [ 5l) .. -il5n _ 1 ](P n _ 1 a ri ) ~ K[[6i,...,6 n -i]]*. 

Since t(9„) = cr(<9„) = 9„, we must have r G 7. 
2. Statement 2 follows from statement 1. □ 

The subgroup F„ of T n . Let Ui := Kd\, the abelian 1-dimensional Lie algebra. For n > 2, 
the set 

F n := Fixjr n (u„_i) = {o- G J" n | cr(w) = u for all u G u„_i} (27) 

is a subgroup of T n . Notice that F2 = T%. Recall that every ideal of the Lie algebra u„ is a 
characteristic ideal fCorollary |2.4p . P n _i<9„ is an ideal of the Lie algebra u„ = u„_i ©P„_i<9„ such 
that u n / P n -\d n ~ u n _i. In view of this Lie algebra isomorphism, for each natural number n > 3, 
there is the group homomorphism 

Xn ■ -> Fn-i, <* i-)- (u + P n -id n ^ a(u) + P n _i9„). (28) 

It is obvious that F„ C ker(x„). The ideal P„_i9„ of the Lie algebra u„ is a (left) u„-module 
and a u„_i-module since u„_i C u„. Let Aut Un _ 1 (P n -id n ) be the group of automorphisms of the 
u„_i-module P„_i9„. The set 1 + d n ~iK[[d n -i\] is a subgroup of the group -ftT[[<9„_i]]* of units 
of the power series algebra lf[[9 n _i]]. 

The following proposition is an explicit description of the group F„. 

Proposition 4.6 For n > 2, the map r\ n : 1 + d n -\K [[9n— 1]] — ^ F nj s = ^ Vn{s), is 

a group isomorphism where, for p G P n -i, Vn{ s ) '■ P^n l— ^ (X^ df» P )^"- ^' ' 7 7"( s ) ac ^ s on ^ e 
elements of the algebra u n as ^ Aiad(9„_i) 1 . In particular, the group F„ = 1 + 5 n _i.f£T[[5 n _i]] 
«s abelian where <5„_i = ad(<9„_i) (equally, we can write F„ = 1 + d n -iK[[d n -i]]). Moreover, 
Tj n = {in-i^n-iPn)^ 1 where the maps p n , ir n -i and ^ n _i are defined in the proof (see H2Sfy , H31\) 
and \32\) respectively). 
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Proof. Since F„ = Fix_7r n (u„_i) and P„_i<9„ is an abelian characteristic ideal of the Lie algebra 
U n , the restriction map 

p n ■ F„ -)• Aut Uri _ 1 (P„_i9 n )„, cr i ^ cr|p„_ 1 a„, (29) 

is a group isomorphism where Aut u?l _ 1 (P n _i<9„) n :— {ip G Aut Uril (P„_i<9„) \ <p(d n ) = d n }. The 
map 

P n -id n -> P n _i, p3„ h+p, (30) 
is a u n _i-module isomorphism, and so Aut^^ (P„_i<9„) ~ Aut Un _ 1 (P n _i) and 

7r n _x : Aut ttB _ 1 (P n _i^) n ~ Aut w „_ 1 (P„_ 1 ) 1 := {a G Aut u „_ 1 (P„_i) | cr(l) = 1}. (31) 

By Proposition 14. 21 (1.2). the restriction map 

£ n _i : Autu^^Pn-i)! -> Aut if [a ii _ l] (i ; i'[a;„_i])i = 1 + d n -iK[[d n -i]], <p H- (32) 

is a group isomorphism where Aut^-rg n _ 1 i(if [x n _i])i := {cr G Autxra n _i] (-K"[x n _i]) | cr(l) = 1}. 
Then the automorphism ?y n is equal to (£ n _i7T n _ip n ) . □ 

Remark. It is useful to identify the groups F„ = 1 + 5 n _ilf[[£ n _i]] and 1 + d n _iK[{d n _i]} via 
the isomorphism rj n , i.e., 

F„ = 1 + 5„_ 1 i^[[ < 5 n _ 1 ]] = 1 + cVi#[[dn-i]]- (33) 

The first equality is used when the action of automorphisms of the group F n on elements of the Lie 
algebra u„ is considered. The second equality is used when we want to stress how the polynomial 
coefficient of d n is changed under this action on the ideal P n -\d n of the Lie algebra u n . 
The subgroup E„ of T n . For n > 3, let 

E„ := Fix ker ( Xn )(P„_i5 n ) = {a G ker(x„) | cr(u) = u for all u G P„_i<9„} (34) 
= {cr G .F„ | cr(u) = u for all u G P„_i<9„; a(v) - uE P n -id n for all w G u„_i}. (35) 

Clearly, F„nE„ = {e} since u„ = u„_i ©P„_i<9 n . Consider the vector space (of certain 1-cocycles) 
Z n-\ '■= i c e Homif(u n _i, Pn-id n ) \ c(d{) = ■■■ = c(d n -i) = and 

c (i u , v]) = [c{u),v] + [u, c(v)] (36) 

for all u, v G u„-i}. In particular, Z\_ 1 is an additive (abelian) group. 

Lemma 4.7 For n > 3, the map A„ : E„ —¥ Z^ l _ 1 , a h- > <t — 1 : u M> cr(w) — u (where u G u„_ij, 

j / x Jm + c(u) i/uGU„_i, 

is a group isomorphism with the inverse map c h-> cr c where a c (u) = < 

if u £ P n -id n . 

In particular, E„ is an abelian group (and a vector space over the field K). 

Proof. Let us show that the map A„ is well-defined. Let cr G E n . Then c = a — 1 G 
HoniA'(u„_i, P„_i<9„) (since cr G ker(x„)), and c(d\) = ■■■ = c(d n ) = (since cr G .F n ). The 
condition Q36[) follows from the facts that cr is a Lie algebra homomorphism, im(c) C P n _id n and 
[P n _i<9 n , P n -\d n \ = 0. In more details, for all elements u,v G u„_i, 

= a([u, v}) - [a(u), a(v)} = [u, v] + c([u, v]) ~ [u, v] - [c(u),v] ~ [u, c(v)] - [c(u), c(v)} 
= c ([" 5 v]) ~ I c ( u )> v] - K c(v)}. 
The map A„ is a group homomorphism: for all elements <7i,cr2 G E„, 

A„(cricr 2 ) = cricr 2 - 1 = (7i - 1 + (7i (cr 2 - 1) = 0"1 - 1 + cr 2 - 1 = A n ((7i) + A„(cr 2 ), 

we used the fact that im(cr 2 — 1) C P n _id n and o~i(u) — u for all elements u G P n -\d n (since 
<j\ G E„). Since ker(A„) = {id}, the map A n is a monomorphism. 
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To finish the proof of the lemma it suffices to show that the map Z\_ x — > E„, c i-)- <j c , is 
well-defined (indeed, this claim guarantees the surjectivity of the map A„, i.e., A„ is a group 
isomorphism; then it is obvious that the map c t— > a c is the inverse of A„). By the very definition, 
the if -linear map a c : u n — > u n is a bijection. To finish the proof of the claim it suffices to show that 
a c is a Lie algebra homomorphism (since then a c G ker(xn) and a c G Fix kcr ( Xre )(P„_i<9„) = E„). 
Since u„ = u n _i © P n _i<9„ and [P„_id„, P n _id„] = 0, it suffices to verify that, for all elements 
u, v G u rl _i, a c ([u,v]) — [cr c (w), a c (v)]. This follows from (|36|) and [c(u), c(v)] = 0: 

a c ([u, v]) - [a c (u),a c (v)] = [u, v] + c([u, v]) - [u, v] - [c(u), v] - [u, c(v)] - [c(u),c(v)] = 0. □ 

The subgroup ker(x„) of T n . The next corollary describes the groups ker(xn) when n > 3. 

Corollary 4.8 Let n > 3. Then 

1. ker(x„) = F n K E n . 

2. Each element a G ker(x„) is the unique product ef where e G E„, e(u) = u + c(u) and 
c{u) := <j{u) — u for all u G U„_i, and f := e a G ¥ n . 

Proof. It is obvious that F„nE„ = {e} and TE„r _1 C E n for all r G F n . Therefore, 
¥ n x E n C ker(xn)- Now, to finish the proof of both statements it suffices to show that each 
element a G kcr(x„) is the product ef where e and / are as in statement 2. It is easy to check 
that c 6 Z\_ x (where c{u) = cr(u) — u for u G u„_i): for all elements u,v G u„_i, 

c([u, u]) = ct([m, w]) — [u, w] = [cr(u), ct(u)] — [u, v] = [u + c(u), v + c(v)] — [u, v] 
= [c{u),v] + [u,c(v)]. 

By Lemma \4.7\ A~ (c) G E„. Notice that A~ 1 (c) = e. Now, e a G F„ since, for all elements 
U G Un-l, 

e^ 1 a(u) — e (u + c(u)) — e _1 (it) + c(u) = u — c(u) + c[u) = u. □ 
We will see that ker(x„) = F n x E„ (Theorem 01(3)). 

Let n > 3. For each i = 1, . . . , n — 2, u* + is a Lie subalgebra of the Lie algebra u„ where 

Ui := Kd\ and Z> n _i := ©"T^ifc^. Notice that the Lie algebra u n is the (adjoint) U; + P n _i- 
module, and the vector spaces P,c?j+i, Pj9« and P n -\d n are + 2? n _i-submodules of u„. The 
U; + P„_i-modules PiC^+i and Pid n are annihilated by the elements <9i+i, . . . , d n -±. Our goal is 
to give an explicit description of the group Z\_ x ( Corollary 14. 10|) . The group Z\_ x turns out to 
be the direct product of certain subgroups described in Proposition ^. 91 Let 

Rom Ui+T , n _ 1 (P l d i+1 , P n ^ 1 d n )o ■= G Hom U4+ p n _ 1 (P l d l+1 , P n -id n ) \ (p(d l+1 ) = 0}, 
Hom Ui+ i, n _ 1 (P i 9 i+ i ! Pia„)o := G Uom Ui+Vn _ 1 (P l d l+1 , P l d n ) \ <p{d i+ i) = 0}. 



Proposition 4.9 Let n > 3 and Ui = Kd\. Then 

1. For alii = l,...,n — 2, Romu^T)^ (Pid i+ i, P n -id n ) = Rom Ui+T , n _ 1 (P9 l+ i, P 2 d n ) ~ 
End Ui (Pi) ~ Moreover, the map 

a n : K[[t]] -> H.om lH+ -D n _ 1 (Pidi + i,P n -id n ), ^^jt 1 ( P, 
(where Xj G K) is an isomorphism of vector spaces where, for all elements (3 G W' 1 and 

keN, 

^x^di+x) := [x^Y,^(^d i y((k+i)- 1 x^ +1 d n )]=J2^(^9 i y(x^xld n ). 

j>0 j>0 
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2. For alii = 1, . . . , n - 2, Hom tti+T ) n _ 1 (Pid i+ i, P„-i0 n )o = Rom Ui+Vri _ 1 (P l d l+1 , Pid n ) ~ 
i.ftr[[i]]. Moreover, the map 

a n : tK[[t]] -+ Bom^+v^iPidi+i, P n -id n )o, ^ ^ ^' 
(where Xj £ K) is an isomorphism of vector spaces where, for all elements (3 £ W" 1 and 

^(x fj x^d l+1 ) := [X W) ^A J (ad50 J '((fc + l)- 1 ^ +1 5 n )]=^A J (ad9 i )^(^ : r l fc a„). 

5. for every i = 1, . . . , n — 2, the K -linear map 

fi n< i : Hom tt4 +c n _ 1 (P<a(+i, P n -id n )o -> ip ^ cy,, 



is an injection where, for u £ Pj-idj, j = 1, . . . , n — 1, c^(u) := 



ip(u) ifj = i + l, 
ifj^i + 1. 



Proof. 1. Let Si := ad(9,) for i = 1, ... ,n — 1 and ip £ H ;= Hom tti +x> n _ 1 (Pj9;+i, P„_iS n ). 
For all j = i + 1, . . . , n - 1, [dj, ip(Pid i+ i)] = ip([dj , Pid i+ i\) = -0(0) = 0, hence 

7i— 1 n— 1 

im(V>) Q P| k€fff. n _ 1 e„ = ( Q ker P „_ 1 (a j ))a„ = P;9 n . 

.7=1+1 j=i+l 

Therefore, H = Kom Ui+ j) n _ 1 (Pidi+i, Pid n ). The maps 

Pidi+i -+ Pid n -+ P i; _p9 i+ i -+ p<9„ -+ p 

(where p £ Pj) are + 2? n _i-module isomorphisms. The u 2 ; + 2? n _i-modules Pidi+i and Pi<9 ra are 
annihilated by the elements di+i, . . . , d n -i- So, 

# = Rom^+v^A^+uPdn) Endu.+^.^P) ~ End Ui (P) ~ #[[*]], 

by Proposition 14.21 (1). The map a n : — > H is the inverse of the above isomorphism 
H ~K[[i\] (see Proposition 0(1)). 

2. Statement 2 follows from statement 1. 

3. Let c = C;/,. By the very definition of c, c(d\) = ■ ■ ■ = c(d n -i) = 0. We have to show that 
c([u, v]) = [c(u), v] + [u, c(v)} for all elements u £ P s -id s and u G Pt-idt where s, t = 1, . . . , n — 1. 
Without loss of generality we may assume that s < t. 

If s ^ i + 1 and t ^ i + 1 then [u, w] P^ft+i , and the equality above trivially holds (0 = + 0). 

If s < i + 1 and £ = i + 1 then c(u) = 0, and the equality that we have to check reduces to the 
equality ip([u,v]) = [u,ip(v)\ which is obviously true as the map ip is a + P ra _i-homomorphism. 

lts = t = i + l then the equality that we have to check reduces to the equality ijj([u,v]) = 
[i/)(u),v]+[u,ili(v)] which is obviously true as [u, v] £ [Pid i+1 , Pid i+1 ] =0, [i/j(u),v] £ [Pid n , Pid i+1 ] = 
0, and [u,ip(v)] £ [Pidi+i, Pid n ] = (since im^) C Pid n , see the proof of statement 1). □ 

In combination with Proposition ^. 91 the following corollary gives an explicit description of the 
vector space Z\_ x , and, as a result, using Lemma 14.71 we have an explicit description of the group 
E„ and its generators. 

Corollary 4.10 Let n > 3. Then the K-linear map 

n-2 n-2 

Pn ■= : @Hom U!+Pri _ 1 (Pd i+ i,P„_i3 n )o ~^ Z n-i> (01, • ■ • , 0n-2) ^ H hc^_ 2 , 

i=l i=l 

is a bisection where c t f, i = /3 n ,i(ipi). In particular, Z} 1 _ 1 ~ (ti^ [[t]])™ -2 , i/ie direct sum of n — 2 
copies of the vector space tK\\t\\. 
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Proof. In view of the explicit nature of the maps /3 n ,ij the map j3 n is an injection. It remains 
to show that the map /3 n is a surjection. Let c G Z\_ x . Then, by (|36[) . 

■01 := c| Pl a 2 € Hom Cii _ 1 (F 1 a 2 ,P„-i9„)o = Hom ttl +Vn -i (PA, P n _i<9„)o, 

and so := e ^n-ii by Proposition 14.91 (3). By (|3"o]l . 

c 2 := c - G Hom^+D^^u,,-!, P„_i9 n ) 

since c 2 (u 2 + D„_i) = 0. Then ip 2 ■= c' 2 \p 2 o a G Rom u . 2+ T> n _ 1 (Pads, Pn-i<9„) , and so c^, 2 := 
PnAfa) € ^n-l> by Proposition |421(3). Then c 3 := c-c^j -C0 2 6 Hom U 3 + - Dn _ 1 (u n _i,P„_i9„)o, 
by ([3^)1 and the fact that €3(113 + 2?„-i) = 0. Continue this process (or use induction) we obtain 
the decomposition c = cj )1 + • • • + c^ n _ 2 where c^ >i G im(/3 n> i) for all i = 1, . . . , n — 2. This mean 
that the map /3„ is a surjective map, as required. □ 

The structure of the group E„. For each i — 2, ...,n — 1, let E n; j := im(A~ 1 /3„,i_i) 
(notice the shift by 1 of the indices when comparing them with the indices in Corollary 14. 10[) . 
Then E^ = {e<( Si ) | 4 £ ^i^p;^]]} ~ (ft_i«'[[ft_i]] > +) (via ejfa) ^ where, for all 
j = 1, . . . ,n and a G N J ' _1 , 

eK Si )(^)=( :Ea ^ + Si(a:a)a " ifj=Z ' (37) 

n-1 

E„=JjE n;i . (38) 

i=2 

So, each element e' € E„ is the unique product e' = e 2 ■ ■ • with = e^(sj) G E„ j and each 

automorphism is uniquely determined by a series s, = J2j>i with Ay E if. By (|37l) . for 
all elements x a dj £ u„ where a € FP -1 , 

e^d,) if 2 < j<n-l, = [x a d j + Sj {x<*)d n if 2 < j < n - 1, 
x Q <9j ifj = l,n, li a 3 3 ifj = l,n. 

Equivalently, for all elements u = X)j=i Pt^i u « where pi G P;-i for all i = 1, . . . , n, 

n-i 

e'(u) =u + Y,Si(Pi)dn- (40) 

i=2 

Lemma 4.11 For n>A, im(xn) H E„_i = {e}. 

Proof. Let cr G E n _i. Then for all polynomials G Pj, i = 1, . . . , n — 2, by (|40D . 

n-2 n-2 n-2 

i=l i=l i=2 

where = X2j>i Ay(ad9i_i) J for some scalars A^ G K. Suppose that the automorphism a 
belongs to im(x„), i.e., a = Xn{o~') for some a' G T n . By Lemma 1431 a 1 {x n ~id n ) = x n -id n + \d n 
for some A G K. Then applying the automorphism a' to the equality \Y^i=i Pi®i> x n -id n ] = in 
the algebra u n yields the equality (^27=2 s i(Pi))9 n = for all polynomials pi G Pi-i, i = 2, . . . , n— 
2. We used the fact that d n is a central element of the Lie algebra u n and [P n _i9„, P n -id n ) = 0. 
Hence, all Si = 0, i.e., a = e. □ 

By Lemma l4.5l flh there is the short exact sequence of group homomorphisms 

1 -» ker(res„) -> T n r ^ n 1 + 8 n - X K [[5 n - X ]] -> 1, (41) 
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where res n (cr) := o-\ K[Xnl]dn : K[x n -i]d n -> K[x n -{\d n with res„(F„) = 1 + 8 n - X K [[<J n -i]] 
(Proposition I4.6p . and the natural inclusion F„ = 1 + (5„_iif [[<5„_i]] C T n is a splitting for the 
epimorphism res n . Therefore, 

J~ n = F n x ker(res„). (42) 

The group T n contains the groups Sh„_2, F n and E„. Let us show that the elements of the groups 
Sh n _2, F n and E„ pairwise commute. Let u — Pjdj = u n -i + u n where pi G Pi-i for all 

i = l,...,n, u„_i = Ya=i Pi 9 h u n = Pnd n , e' £ E„, / = 1 + J2i>i ^i d n-i £ F n where Xi E K 
and s 6 Sh„_i. We assume that (|40]) holds for the element e'. Then 

n-1 

e'/(u) = e'(it„_x + f(u n )) = u n _ 1 + ^2 s i(Pi) d n + f(u n ), 

i=2 

n—1 n—1 

fe'(u) = f(u + Si(pi)d n ) = u n -x + f(u n ) + Si(pi)d n . 

i=2 i=2 

The last equality holds since /Q3i!=2 s i(Pi)^n) — Y27=2 s i(Pi)d n - This follows from the inclusions 
and Si(pi) G Pi-x for all i = 2, . . . , n — 1 (<9„_i(si(pi)) = for all i = 2, . . . , n — 1). Therefore, 
e'/ = fe'. Every element s 6 Sh n _2 can be uniquely written as s — e^ i=1 Xidi where € K. 
Then it is obvious that sf = fs. Finally, se — es since, for all elements u € Un, 

n—1 n — 1 n — 1 

se{u) = s(u + 2J Si{Pi)dn) = s(u) + 2J ssi(pi)d n = s(u) + 2J Sis{pi)d n = es(u), 

i=2 i=2 i=2 

as ssi = s^s for all elements i = 1, . . . , n — 1, and s(dj) = dj for all elements j = 1, . . . , n. 

By Corollary |TH1(1), ker(x„) = F„ x E n . For n = 2, Sh := {e} and E 2 := {e}. The subgroup 
of the group T n that these three groups generate is an abelian group. It is easy to see that 
Sh„_2 H (F„ x E n ) = {e}. Hence, Sh„_2 x f „ x E„ C T n - The next theorem shows that, in fact, 
the equality holds. 

Theorem 4.12 1. T n = Sh„_ 2 x ker(x„) = Sh„_ 2 x F„ x E„ . 

2. im(x„) = Sh„_ 2 - 

3. The short exact sequence of group homomorphisms 1 — )• ker(x„) — > T n Sh„_2 1 
is a split short exact sequence and the natural inclusion Sh n _2 C. T n is a splitting of the 
epimorphism \n, kcr(x«.) = F„ x E„. 

4- ker(res„) = Sh„_ 2 x E„ and T n = F„ x ker(res„). 

Proof. 1-3. We use induction on n > 2 to prove all three statements simultaneously. The 
initial step n = 2 is trivial as Ti = F2, J-\ = {e}, Sho :— {e} and Ei = {e}. So, let n > 2 and we 
assume that all three statements hold for all n' < n. By induction, T n -\ = Sh„_3 x F„_i x E„_i, 
and as a result 

Xn ■ ?n ->• ?n-\ = Sh„-3 X F„_i X E„_i. 

To show that statements 1-3 hold it suffices only to prove statement 2, that is im(x n ) = Sh„_2 
(since then statement 3 follows as ker(xn) = F„ x E„; statement 3 and Corollary 14.81 (1) imply 
statement 1). The subgroup Sh„_3 of T n is mapped isomorphically/identically onto its image 
Xn(Sh„_ 3 ) = Sh„_ 3 . Then im(x„) = Sh„_ 3 x I where I := im(x„) n (F n _i x E n _i). Notice that 
Sh„_ 2 = Sh„_ 3 x sh„_ 2 , sh n _2 = e K9 ™- 2 C F„_i = 1 + d n -2K{[d n -2\] (recall the identification 
([33])). To finish the proof it remains to show that I — sh„_2- 

Let a G T n be such that a' :— Xn{&) £ F„_i x E„_i, a' = fe' for some automorphisms 
/ G F„_i and e' G E n _i. We have to show that a' G sh„_2- Since F„ C ker(xn), in view of 
(|42p. without loss of generality we may assume that a G ker(res n ), that is a(x l n _ 1 d n ) = x l n _ 1 d n 



19 



for all i > 0. Recall that u„ = u„_ 2 © P n ~2d n -i © Pn-id n — Un-i © P n -xd n . For all elements 
u G P„_ 2 9„_i, 

<r(«) = /e'(u)+c(u) =/(«) + c(u) 

for some map c G Horner (P n _2 > -Pn—i^n) i e '( u ) — u f° r an elements u G P n _ 2 9 n _i). The 
automorphism / = 1 + ^ i>1 Aj9*_ 2 6 F n _i = 1 + d n _ 2 if [[<9„_ 2 ]] (where Aj G if) acts on the 
elements x a di G u n -i as f(x a di) = f{x a )di where 

/0O = (i + 5>#_ 2 )0O- 
i>i 

When we apply the automorphism cr to the following identities in the Lie algebra u ra , 

[ x n-2 d n-l, U + l )~ l 4t-X d n] = <_ 2 <_A, M S N > 

it yields the identities 

^O^a^-A) = [CT«_ 2 5 n _l),CT((j + 1)- 1 ^ 1 !^)] 

= [/(4- 2 R-l + C(4_ 2 9„_!), (j + l) -1 4tl^] = /(4-aK- A 

since [c(aj5j_ 2 9„_i), (j + l) _1 x^!l 1 1 9 n ] C [P„_i<9 ra , P ra _i<9„] = 0. Similarly, when we apply the 
automorphism a to the following identities in the Lie algebra u n , 

we deduce the identities 

/(4- 2 )/(<- 2 )9„ = /(<t J 2 )s„, *,j g n. 

In more detail, 

f(x l n-2) d n = a{x^ 2 d n ) = a([x l n _ 2 d n - lt xP^Xn-idn]) = [a{x % n _ 2 d n -i),a(x? n _ 2 x n -xd n )] 
= + c«_ 2 0n_i), f{aP n _ 2 )x n -xd n ] 

= [f«-2) d n-l, fixi^Xn-A] = /«_ 2 )/(a£_ 2 )0„ 

since [c(x* i _ 2 9„_i), /(a;^_ 2 )a;„_i<9„] G [P n -id n) P„_id„] = 0. Therefore, /(a£t4) = f ( x n-2) f (^n-s 
for all i, j G N. This means that the map / = 1 + Aj9^_ 2 : if[a; n _ 2 ] — > if [x n _ 2 ] is an au- 

tomorphism of the polynomial algebra if[x n _ 2 ]. Since /(x n _ 2 ) = x n _ 2 + Ai, we must have 
f = e Xldn - 2 G sh„_ 2 - Replacing the automorphism <r by the automorphism f~ 1 cr, we may assume 
that / = e, and so cr' = e' G E n _i. By Lemma 14.111 cr' G im(xn) H E„-i = {e}. Therefore, 
i = sh„_ 2 . 

4. Notice that Sh„_ 2 x E n C ker(res„). By (jUJ), T n = F„ k ker(res„). By statement 1, 
•Pn = F„ x Sh„_ 2 x E n - Therefore, ker(res„) = Sh„_ 2 x E„ and P„ = F„ x ker(res„). □ 
It follows from the inclusion sh„„i = e K9n - 1 C F„ = 1 + d n -iK{{d n -i}] (see (1551) 1 that 

F„ = sh„_! x F; (43) 

where F^ = 1 + dfc_ x K [[9 n _i]] = 1 + e^if [[5 n _i]] (see fl3j)). So, 

F; = {/ G l+dl^K p„_i]] | /feft) := T;f 1 . „ if * = 1, • ■ • , « " 1. where ftgp^^i,..., 

[/(Pn)C'n if Z = 71, 

(44) 

Moreover, F„ = n<>i e^- 1 c; if N and W' n = ]1 4 > 2 e M »-' ~ if N . 

The next theorem describes the group G n as an exact product of its explicit subgroups. 
Theorem 4.13 Let I := (1 + t 2 K [[*]], •) and J := (tif [[£]], +). Then for all n> 2, 
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1. G n = T™ k (T„ x. ex (Sh„_ 2 xF„x E n )) = TAutic(P„)„ x ex (T n x E„), 

2. G„ ~ TAut x (P„)„ x ex (I x J"- 2 ). 

Proof. 1. The first equality follows from Theorem 13.81 (2') and Theorem 14.121 (1). The second 
equality follows from the first one, the equality F„ = sh„_i xFJ, (see (|43|) ) and Proposition ^. 41 (3). 
2. Statement 2 follows from statement 1 and the facts that ¥' n ~ I and E„ ~ J™~ 2 (Corollary 



In Section [5J Theorem 14.131 will be strengthen (Theorem I5.3|) . Roughly speaking, the exact 
product will be replaced by a semi-direct product. 

5 The group of automorphism of the Lie algebra u n is an 
iterated semi-direct product 

The aim of this section is to show that the group G n is an iterated semi-direct product T" x 
(UAut K (P„)„ x (¥' n x E„)) (Theorem [O]), that none of its subgroups TAutR-(P n )„, F^ x E„, 
F n x E„, ¥' n , ¥ n , E„ and ¥ ni is a normal subgroup (Corollary I5.5[) . and to give characterizations 
of the groups F„, F^ and E n of G n in invariant terms (Proposition [575]). The proof of the results 
are based on the following two lemmas. 

Lemma 5.1 Let t\ G T" where A = (Ax, • ■ • , A„) G K* n ; e^(si) G ¥ n: i where i = 2, . . . , n — 1, 
s i = J2j>i an d ^ij e K> an d / = 1 + J2k>i Mfe^n-x e where 5 n -i = ad(t?„_x). I7ien 

L tAeJ(si)^ 1 = e'^XiX'HxSit^ 1 ) G E, hi where txsrf^ 1 = J2j>i ^ij^T-i^i-i- 

2. txftl 1 = 1 + E fe >i VkK-A-i G F n . 

5. //, m addition, f G ¥' n (i.e., fXi=0) then txft^ 1 = 1 + J2k>2 VkK-i^n-i e ¥ n- 

Proof. 1. Let cr = ^(s^ 1 and a' := e' l {\ l \- 1 txs t t' x 1 ). Then a(x a dj) = x a dj = a'(x a dj) 
for all j ^ i and a G N J_1 . For all elements a G N I_1 , 

a : x a d l % \- a \ t x a d l e '&* ] tl\x a di) + \- a \ lS ,(x a )d n 

h X a di + X^X^t^itxix )) ■ X^dn = X a di + XiX-HxSit^ix^dn = <J l (x a d. l ). 

Therefore, a = a' . 

2 and 3. Straightforward. □ 

Let G be a group and a, b G G. Then [a, b] :— aba~ 1 b~ l is the (group) commutator of elements 
a and 6 of the group G. 

Lemma 5.2 Let r = e asds G UAut^(P„)„ where a s G P s _x 1 < s < n; ej(sj) G E„ j where 

2 < i < n — 1, Sj = 53j>x an d \j G -^7 anc ' / = 1 + Si>x Mi^n-l G ^« where € K and 

<5„_i = ad(9 n _x). TTierc 



ODjl . □ 





if 1 < s < n, 
if s = n, 
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\dj-pLd s nj<s, 

Proof. Recall that r : x* n> x H + a,, x, i->- a;,- for i ^ s, ft h> < J In the 

3 \dj if j>s. 

arguments below, the decomposition u„ = ®™ =1 Pi-idi is often used. 

1. Since e'(— Sj) = e'(sj) -1 , the equality in statement 1 is equivalent to the equality 



e if s ^ z. 



Notice that [e'(si) _1 ,r] = e'(si) -1 -re^s^r -1 . Let e- = e-(sj) and a — re-r -1 . We consider three 
cases separately: s < i, s = i, and s > i. 

Case 1: s < i. We have to show that <r = e' t . The automorphisms t^ 1 and respect the 
vector spaces V_ := ®\<j<iPj-\dj and V + := ®i<j< n Pj-idj (i.e., the vector spaces are invariant 
under the action of the automorphisms). Moreover, the automorphism e\ acts as the identity map 
on both of them, hence so does the automorphism a. In particular, cr\v_@v + — e 'iW-®v+- For all 
elements a E N J_1 , 

a:x a di U 1 T- 1 (x a )di&T- 1 (x a di) + 8 i T- 1 (x a )d n 

ft a; a a 4 + T Sj T- 1 ( a; «)9„ = x a di + Si {x a )d n =e' i {x a d i ) 

since ts^i") = Sir(x a ) &s s < i. Therefore, a = e-. 

Case 2: s = i. We have to show that c := [e- -1 ^), t] = e ^ Si< - a ^ 9n . 

The automorphisms r, e- and £ := e _,s< ( 0i ) 9n respect the vector space V+, hence so do the 
automorphisms cr and c. Moreover, the automorphisms e- and £ act on V+ as the identity map. 
In particular, c|y + = £|y + . Let 1 < j < i and a e N J_1 . Then 

c : x a d, U 1 ^(^ + ^Lft) ^ r-\x a d j ) + Sl (x a ^)d n 

= T~ 1 (x a dj) + x a djSi(ai)d n ft x a dj + x a djSi(ai)d n = x a (dj + d J s i (a i )d n ) 
% x a (d 3 + d jSi (ai)d n ) = Z(x a dj), 
since T(x a djSi(a,i)) — x a djSi(a,i) as x a djSi(ai) E f»-i. Finally, for all elements a E N 4_1 , 

c : x Q 9i "ft x a di ft x a 9i + Si(x a )d n ft /9, + TSi(x a )d n 

= x a di + Sl {x a )d n = e'^di) "ft x a 8i = C(x Q 9,)- 

Therefore, c = £. 

Case 3: s > i We have to show that cr = e\. The automorphisms -ft 1 and e- respect the 
subspace V = (BjjtiPj-idj of u„. Moreover, e-|y = idy. Therefore, cr|y = idy = e\\v- For an 
elements a £ N l_1 , 

a : x a 8 l U T-Hx^ + T-^x^-^ds = x a d, +x a -^d, ft r'^ft) + Sj (x a )a„ 
ft z Q i + * i (z a )0 n = e ;(a; a i ) 

since tc^t" 1 = r(<9j) = - §^<9 S and r ±1 (x") = i" (since s > i and a G N J_1 ). Therefore, 
a = 4 

2. Case 1: 1 < s < n. In this case, t<9„_it 1 = <9„_i, and so T(5„_! = <5„_it. This implies 
that the maps t and / = 1 + J2i>i Mi^n-i commute. 

Case 2: s = n. Let c := [t, /]. In this case, both automorphisms r and / respect the 
vector space P„_i<9„. Moreover, the automorphism r acts as the identity map on it, hence so 
docs the automorphism c. Clearly, the automorphism ( a ") 9 ™ acts as the identity map on 
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Pn-idn- Therefore, c|p„_ 1 a n = e f <,a "' >dn \p n _ 1 d n - Consider the action of the automorphism c on 
the elements x a di where a G N 1 " 1 and 1 < i < n, 

c : x a d t C x a d t U 1 x a (d z + ^d n ) A T-^x^di) + f\x a ^)d n = r-Hx-d.,) + x a f'(^)d n 

CJjj (JJL"i (JJL<i 

Then c = e-f'^ 9 ^. □ 

Statements 1 and 2 of Lemma T5. 2 1 can be rewritten as follows (where 2 < i < n — 1) 



. p vi{a s )dn p a 3 d s :f „ — ,• 

eKsJe^'eKsi)- 1 = a e f " ' (45) 

e s ° s if s / z, 



/,«.'/ : J'"" ifl<-<n, 

Recall that the map P n -\d n — > P n -i, pd n H ► p, is a u„-module isomorphism. Under this iso- 
morphism the action of the element d„_i on the ideal P n -\d n of the Lie algebra u„, which is 
<5 n _i = ad(9 n _i), becomes the partial derivative d n -% on the polynomial algebra P n -i- So, the 
expression f(a n ) in (|4*51) makes sense, it simply means (1 + f')(a n ). 
The next theorem is one of the main results of the paper. 

Theorem 5.3 Let I := (1 + t 2 K [[*]], •) and J := (tif [[*]],+). Then for all n> 2, 

1. G n = T" k (UAut K (P„) n x (F; x E„)). 

2. G n -T" k (UAut K (P„) n x (I x J"- 2 ). 

5. UAut/ < -(P Jl )„ is a normal subgroup of the group G n . 
4. U n = UAut K (P„)„ x (F; x E n ). 
Proof. 3. Statement 3 follows from statement 1. 

1. By Proposition [331(4), UAutg (P n )» =T n x ex Sh„_i =T n x ex (Sh„_ 2 x sh n _i). By @3J), 
F„ = sh„_i x F^. Then, by Theorem ET31(1), 

G„ - T n x (T n Xex (Sh„_ 2 x sh n _! x F'> x E n )) = T" x (UAut x (P„)„ x M (F; x E„)) 
= T" x (UAut if (P n )„ x (F; x E n )), by gSJ) and (gHD- 



2. Statement 2 follows from statement 1 (see Theorem 14.131 (2)). 

4. Statement 4 follows from the obvious inclusion UAut_ff (P n )n x (F^ x E„) C U n , statement 
1 and Proposition EIU (2). □ 



Corollary 5.4 1. The group 7^ := {[0, . . . , 0, a n ] \ a n G m„_i} = e m ™~ 1<9 ™ is a normal subgroup 
of the groups G n and UAutx(Pn)n- 

2. UAutx(P«)n = UAut^(Pn-i) V-T^Q G n (this is the equality of subgroups of G n ). 

3. G n /% = T™ x (UAutjr(P n _i) x F; x E n ). 
Proof. 2. Statement 2 is obvious. 

1. Statement 1 follows from statement 2, the equalities (|45]) and (|46|. and Theorem 15.31 (1). 
3. Statement 3 follows from Theorem 15.31 (1) and statement 2. □ 

We say that subgroups E and F of a group G commute if ef — fe for all elements e£fi and 
/ G F. By (|4"5j) . the subgroups 7^ and E„ commute. 

Corollary 5.5 1. The group TAutx(P„)„ is not a normal subgroup of the group G n . 
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2. None of the groups V n x E„, F„ x E„ ; F^ ; F„; E„ and E nj i where 2 < i < n — 1 and n > 3 
is a normal subgroup of the group G n . 

Proof. The corollary follows from Theorem 15. 3l f 1). Lemma fSTTI and Lemma I5T21 □ 
A formula for multiplication of two elements of the group G n . Since the group G n is the 
iterated semi-direct product of four groups and one of them is UAutif (P„)„ which is also a semi- 
direct product of n of its subgroups, the multiplication in the group G n looks messy. Surprisingly, 
it looks less messy than one might expect when we change the order in the presentation of an 
element of the group G n as a product of four automorphisms. By Theorem [531(1), every element 
a of G n can be written as the product 

a = Tte'f (47) 

where r = [ai, . . . , a n ] = e andn ■ ■ ■ e aidl S UAutfe(P n )„ and at 6 Pj-i for i = 1, . . . , n — 1 and 
a n e m„_i; t = *(Ai,...,a„) e T n ; e' = e' 2 (s 2 ) • • • e^_ 1 (s n _i) G E„ where s* = J2j>i v ij d Li e 
flU-K^-i]] for i = 2, . . . , n - 1 and ^ e ^; and /' = n,> 2 e* a »-i - 1 + £ 4 > 2 G F'„ = 

1 + c^^if [[9 n _i]]. To make notations simpler and computations more transparent we write [ai] 
for e aidi sometimes. 

e'/V, . . . , a^e'fT 1 = e^-W- ^ . . , , ^ = ^(-i+ZOKJ+E^ 1 ..(-.))*. [oij . . . , a „] 

(48) 

In more detail, the second equality is obvious. Using (|4"5"j) and (T41)]) we obtain the first one: 

e'/'Iax, . . . , anKe'fT 1 = e' f[a n ][ax, a„_i](e7') _1 = Z'K]/'" 1 • e'[ai, . . . .a^e'" 1 

= e^ Q "> a » • e'K-iJe'- 1 • • • e'^e'- 1 ■ ■ ■ e'Me'- 1 ■ a x 
= e /'K)9n . e «.-i(a»_i)fl,. [ fln _ 1 ] . . . e si( ai )d n ^ . . . eS2 (a 2 )0„ ^ . fli 

Let cti = Titieif[ be another element of the group G n where t\ = [b\, . . . , b n \. Then using 
we obtain the formula for multiplication in the group G n : 



= Te *(((-i+/')(M+£r= 2 I •.(^))*.) Wt ( n ) • tti • Wt -i(e')ei • w t -x(/')/i (49) 



where u; t -i(<?) = ^ ^^cfti . 

Characterizations of the subgroups F„, ¥' n and E n . By (Corollary 3.12, [5]), the ideal 
/ w n-a_l_i = Kx n -id n + Eqgn™- 2 Kx a d n is the least ideal of the Lie algebra u„ which is a faithful 
u„_i-module (with respect to the adjoint action). Hence, its predecessor 7 w n-2 = X) ae jijn-2 Kx a d n 
is the largest ideal of the Lie algebra u n which is not a faithful u„_i-module. By (Corollary 5.4, 
[2]), the ideal P n -id n is the least ideal I of the Lie algebra u„ such that the Lie factor algebra 
u n /I is isomorphic to the Lie algebra u„_i. The next proposition gives characterizations of the 
groups F„, F^ and E„. 

Proposition 5.6 Let n > 2. Then 

1. ¥' n = Fix Gri (u„_i + I u n-i + i) where I w «-2 +1 = Kx n -\d n + J2 a eN™- 2 Kx a d n . 

2. F„ = Fix G?i (u„_i + 4,n-2) where I un -s = £) aeN »-2 Kx a d n . 

3. E„ = Fix G „(2?„ + P n -id n ) where V n = ^=1 Kdi- 

Proof. 1. Let i? be the RHS of the equality in statement 1. The inclusion F^ C R is obvious. 
Since di,...,d n G u„_i + 7 w n-2 +1 , we have the inclusion R C Fix Gre (c?i, . . . , d n ) = T n . By 
Theorem rCTJ(l), 

T n = Sh„_ 2 x F„ x E„ = Sh„_ 2 x (sh n _! x F^) x E„ = Sh„_! x W' n x E„. 
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Now, R = W' n x (R n (Sh n _i x E n )). By looking at the action of the elements of the group 
Sh„^i x E„ on the elements xic>2, ^2^3, . . . , x n -\d n of the Lie algebra u n _i +i w »-a+i ) we conclude 
that R n (Sh„_i x E„) = R n E n . Every element of the group E„ is uniquely determined by its 
action on u„_i. Therefore, R fl E n = {e}, i.e., R = ¥' n . 

2. Let i? be the RHS of the equality in statement 2. Since u„_i + I u n.-2 C u„_i + i^n-a+X) 
F^ = Fixc n (u n _i + J u »-j +1 ) C Fixc 7i (u„_i + /„,»-!) = i?, by statement 1. Clearly, sh„_i C i?. 
Therefore, F n = sh„_i x F^ C R. Since d\,...,d n G u„_i + I u n-2, we have the inclusion 
i? C Fix G „ (<9i, . . . , d n ) = T n . By Theorem |4~T2](1), T n = Sh„_ 2 x F„ x E„. Now, R = F„ x (R n 
(Sh„_2 x E„)). By looking at the action of the elements of the group Sh„_2 x E„ on the elements 
xi&2, £2C?3, . . . , x n -2d n -i of the Lie algebra u n -i + I u n-i, we conclude that i? n (Sh„_2 x E n ) = 
R fl E„. Every element of the group E„ is uniquely determined by its action on U„_x- Therefore, 
i?nE„ = {e}, i.e., R = F„. 

3. Let R be the RHS of the equality in statement 3. Then E„ C R. Clearly, R C Fixc„ (d%, . . . , d n ) 
T n = SK-2 x F„ x E„. Now, R = E n x(RD (Sh„_ 2 x F n )) = E„ since R n (Sh„_ 2 x F n ) = {e}, 
by looking at the action of the group Sh„_ 2 x F„ on the ideal P n _xd n . □ 

6 The canonical decomposition for an automorphism of the 
Lie algebra u n 

By Theorem 14. 131 (1). every automorphism a G G n = T™ k (T n x e2; (Sh„_ 2 x F„ x E„)) is the 
unique product a = trsfe' where t G T™, r G 7^, s G Sh„_2, / G F n and e' £ E„. This product is 
called the canonical decomposition for the automorphism a G G„. It is a trivial observation that 
every automorphism of a Lie algebra is uniquely determined by its action on any generating set 
for the Lie algebra. Our goal is to find explicit formulas for the automorphisms t, r, s, / and 
e' via the elements {o"(s) | s G S n \ where S n is a certain set of generators for the Lie algebra u„ 
(Theorem EH]). 



Theorem 6.1 Let 11 > 2. 

1. The set S n := {d\, x\d2, ■ ■ ■ , x\_ x di, . . . , x J n _ 1 d n | j € N} is a set of generators for the Lie 
algebra u n . 

2. Let a G G n and a — trsfe' be its canonical decomposition. Below, explicit formulas are 
given for the automorphisms t, t, s, f and e! via the elements {o~(s) \ s G S n }. 

(a) t — i(Ai,...,A n ) where cr(di) = 9, + • • • for i = l,...,n where the three dots mean 
smaller terms with respect to the ordering (i.e., an element of ®j>iPj~\dj); 

(b) t \ P n y P n , Xi \-> x\, where x[ = x\ and x\ := ^-1^-2 • • • 4>l( x i) f or i — 2 , • ■ ■ , n; 
4>i ■= E fc >o(-l) fc TT^ and d[ := i"^^) for i = 1, . . . , n - 1; 

(c) f = l + J2i>i fi S n-i where 5 n _i = ad(9 n _i), f t G X ond /i5„ = $ n _ 1 (tr)" 1 (T(^|p-S rl ) 

2;*= 

w/iere $„_i := Efe>o( _1 ) irti and = ad(9„_i). 

(d) s(xi) = Xi +fii for i = 1, . . .,n — 2 where (tTf)~ 1 o-(x i d l+1 ) = ^id l+1 +Xid i+ i H f#ie 

t/iree dots denote an element of ®j>iPj-\dj); 

(e) by Jg?| ) and JS^) , e' = e 2 • • ■ e^_i is the unique product where e[ G E nj j /or i = 2, . . . , n — 
1, and, /or all j — 1, ... , n and a G N- 7 , 



x a di + Si{x a )d n ifj = i, 



where s< = Y,j>i v iM-i> u ij e K > v ifiri = $i-i((tTsf) l a - l)(^jr-di), := 
Efc>o(- 1 )' c ^r <5 I -i and = ad(ft_i). 
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Proof. 1. We use induction on n > 2. The initial case n = 2 is obvious as the set S2 is a if -basis 
for the Lie algebra U2. Suppose that n > 2 and the result holds for all n' < n. By induction, 
S n -i is a set of generators for the Lie algebra U n _i. Notice that u„ = u„_i © P n -id n and, for 
all elements a G N' 1 " 2 and j G N, = [x a d n -i, (j + l) _1 <tid„]. To finish the proof of 

statement 1 notice that S n = S n -i U {x 3 n _ 1 d n \j G N} and the set of elements {i a ^_[9 n } is a 
if -basis for the vector space P n ~id n . 

2. Statement (a) is obvious (Proposition 13. ip . For all elements i — 1, ...,n, sfe(di) = di 
(since sfe G J 7 ™, Theorem 14. 121 fl)) . Then r(di) — rsfe(di) = t~ 1 a{di) and statement (b) 
follows from Theorem 13.61 (2). The automorphisms s and el act as the identity map on the 
vector space V := K[x n -i]d n . Therefore, /|y = /se'|y = sfe'\y = (tr)~ 1 o-\v : V — > V and 

1 = 1 + J2i>i fi$n-i for some scalars /; G if. By Proposition [13 /,d n = $„_i(ir) _1 cr( : ^p-a n ). 
This finishes the proof of statement (c). 
For all elements i = 1, . . . , n — 2, 

(tr/) _1 cr(xia i+ i) = se(xid i+ i) = 3(0^+1 H ) = p;<9;+i + aff^+i H , 

and statement (d) follows. 

By (|37|) and (|38|) . e' = • • • e' n _ 1 is the unique product where e\ G E n) $ for £ = 2, . . . , n — 1, 
and, for all j = 1, . . . , n and a G N 3 _1 , 



£ Q <9i + Si(x a )d n iij = i, 
x a dj if j / i, 



where = XX>i v ij^l-i an d ^ij ^ For each i = 0, . . . , n — 1, 

(e - = {(tT~sfy l o- - l)|jf[ a!i _ 1 ]a 4 : if [a^-i]^ -> if[£i_i]d„, p5 4 1-> Si(p)<9„ 

where p G if By Proposition 14.41 = $i_i((iTs/) _:L cr - l)(-^p<9j). □ 



7 The adjoint group of automorphisms of the Lie algebra 

The aim of this section is to show that the adjoint group A(u n ) of automorphisms of the Lie 
algebra u„ is equal to the group UAut#-(P n )„ fTheorem l7.ip . 

Let 5 be a Lie algebra over the field if and LN(C?) be the set of locally nilpotent elements of 
the Lie algebra Q. Recall that an element g G Q is called a locally nilpotent element if the inner 
derivation ad(g) of the Lie algebra Q is a locally nilpotent derivation. The set LN((?) is an Aut 

invariant set. Each locally nilpotent element g yields the automorphism e ad ^ := J2i>o ad |f' > of 
the Lie algebra Q which is called an inner automorphism of the Lie algebra Q. The subgroup 
of Aut K (£), ,A(<7) := (e ad (f)|a G LN(£)), is called the adjoint group (of automorphisms) of 
the Lie algebra Q. The adjoint group A{Q) is a normal subgroup of the group Auti<-(<5) since 
cre ad( 9 ) .-i = e ad(a( g )) for all aut0 morphisms a G Aut #(</). 

Proposition ??.(4), states that UAut^-(P n ) n = {e a \ a G u' n } where := {^2^=1 a i9i \ a% G 
Pi-i,i = 1, . . . , n - l;a„ G m n _i} (since u„ = u„_i ® if<9„)- 
The aim of this section is to prove the next theorem. 

Theorem 7.1 1. A(Q) = UAut ic (P n )„. 

J?. TTie map UAut^-(P„)„ — > A(Q), e a \— > e ad ( a ) ; is the identity map where a <E u' n (recall that 
UAut#-(P„)„ C G n ), i.e., for all elements u G u„, e a ue~ a = e ad ^(u). 

The proof of Theorem 17.11 which is given at the end of the section, is based on the following 
proposition that is interesting on its own. 



2G 



The Lie algebra Der#-(P„) is a left P„-module, and so P„u„ C Der/f (P n ). The polynomial 
algebra P n is a left DeiK (P„ )-module and a left u„-module. The action of an element 5 £ Der^ (P„ ) 
on the polynomial algebra P n is denoted either by S * p or S(p). Every element u S u„ is a locally 
nilpotent derivation of the polynomial algebra P n (Proposition 12 . II (4) ) . Then e u £ Aut#-(P„). 

Proposition 7.2 Lei u,v £ u„ and p £ P n . Then 

1. e u (v*p) = e ad ( u )(w) * e u (p) (Wiere e" € Aut^(P„)J. 

2. e ad (")(w) = e u ve- u (where e ad (") £ G n | 

3. e ad (")(jw) = e tl (p)e ad (")(w). 

Proof. 1. 

i>0 ' i>0 ' i=0 v'' 

= E E 5 ^(«)^(p) = e" d( * ) (f)*e*(p). 

2. Recall that e~" € UAut^-(P„)„. In statement 1, replacing the polynomial p by the polynomial 

e~ u (p), we have the equality e u ve~ u *p — e ad ^(v) *p, for all polynomials p £ P n . Therefore, 
e u ve ~u = e ad(u)( w ). 

3. For all natural numbers s ^> 0, &d(u) s (pv) = 0, u s (p) — and a,d(u) s (v) = 0. So, the 
infinite sums below are finite sums: 

e ad(u) (H = E = E I E flww 




= e u (p)e ad(u) («)- □ 



Proof of Theorem 17.11 1. By Proposition 13.21 the map u„ — > UAutif(P„), u H> e u , is a 
bijection. In particular, UAut_K-(P„) = {e u \ u £ u„}. By Proposition 13.31 (2). the map (where 
v £ u n ) 

exp : UAut K (P„) -> G„, e" ^ (« ^ e^ve""), 

is a group homomorphism such that ker(exp) = sh„ and im(exp) ~ UAutx(P n )/sh„ = UAut/f (P„) ; 
By Proposition 17.21 (2). e u ve~ u — e ad ^(v) for all elements u,v £ U n . It follows from this fact 
that, for all elements u\, . . . , u s £ u n , 

e y 11 ■ ■ ■ e y s > (V) — e 1 • • • e s v(e 1 • • • e 3 ) 

By Proposition 13. 21 (2). e" 1 • • • e" s = e u for some element u £ u„. Then, e ad(ui) • • • e ad(Us ^(w) = 
e u ve~ u , i.e., e ad ( Ul ) • • • e ad ^ £ UAut K (P„)„. 

2. Statement 2 follows from Proposition 17.21 (2) . □ 
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